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Obtaining a solution of the equations of a beam satisfying certain 
conditions at the emitter is, as is known, only part of the problem. 
Any such solution determines the flow in an unbounded region, where-  
as actual beams have finite dimensions. To realize the flow described 
by the solution obtained, we must consider the problem of a system 
of focusing electrodes capable of producing a beam of given confi- 
guration. The solution of this problem reduces to the problem of 
analytic continuation of the potential given at the beam boundary 
together with its normal derivative into the charge-free region, i . e . ,  
to the Cauchy problem for the Laplace equation. The problem was 
first formulated and solved in [1] in relation to a space-charge beam. 
In [2-4], the concepts of [1] were generalized to the case of plane 
curved trajectories. The mathematical  bases of the method of e lec-  
trostatic focusing were considered in [5] (problems of existence, 
uniqueness, and correctness). For a number of flows, a solution was 
obtained in terms of contour integrals which are very difficult to 
evaluate [6]. In [7], an analytic solution of the problem of the for- 
mation of arbitrary axially symmetric beams is given, Transition to 
~he complex domain and transformation of the Laplace equation to 
hyperbolic form made it possible to give the solution in a form more 
convenient for obtaining final results. Only a few analytic solutions 
in elementary functions and closed form are known for the problem 
of focusing stationary flows [1, 4, 8-15] (plane diode [1, 13, 15], plane 
magnetron [4, 8, 9], hyperbolic [10] and elliptic [11, 12] beams, flow 
along circles and spirals in some nonuniform magnetic fields [14]). 
In [I6] electrodes were determined for several nonstationary beams. 
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x 0, r m e a s u r i n g  l e n g t h s  a l o n g  t h e  x a x i s  in  u n i t s  o f  a ,  

a n d  r e f e r r i n g  t h e  p o t e n t i a l  t o  ~1,  w e  h a v e  

x :-= a x  ~ q) = q91 q)~ a = (1 /2  Iq  [ / 9 ~  [/0 i) '/~ % ' " .  

-1 0 

Fig. 2 

W e  c o n s i d e r  a to  r e p r e s e n t  t h e  d i s t a n c e  a t  w h i c h  ( in  

a c c o r d a n c e  w i t h  t h e  C h i l d - L a n g m u i r  s o l u t i o n )  t h e  p o -  

t e n t i a l  d i f f e r e n c e  5~0 = qo 1 i n d u c e s  a c u r r e n t  o f  d e n s i t y  

Jo; ~3 i s  t h e  c h a r g e - t o - m a s s  r a t i o  of  t h e  p a r t i c l e .  In  

t h i s  c a s e ,  t h e  s o l u t i o n  o f  t h e  b e a m  e q u a t i o n s  in  d i m e n -  

s i o n I e s s  v a r i a b l e s  ( t he  s y m b o l  of  n o n d i m e n s i o n a l i t y  i s  

o m i t t e d )  i s  g i v e n  b y  [17] 

x T (qoV-- -k 2cz'/2) 1/~'/~ -- a'/, q- (1 + 2cd',) ~/~- - -  ~?/2 . (1 .1 )  

The minus sign in expression (i.I) holds for the in- 

terval 1 >i ~0 >~ oe, 0 ~< x ~< or; the plus sign holds for 

q0 >i if, x>icr;here c~ =q0(cr) =~Pmin. Thetype-C po- 

tential distribution qo = qo (x) is shown in Fig. I for 

various values of a. 

We shall assume that the charges occupy the region 

x >i 0, y --< 0. In order to obtain the equations of the 

focusing electrodes, we replace x by z = x + iy in (I. 1) 

Reference [17] is a study of the modes which may exist for mono- 
energetic nonrelativistic flows of particles of like charge between 
parallel planes. In [15] the problem of focusing a ribbon beam is 

solved for arbitrary conditions at the emitter and a monotonely chang- 
ing potential. Below, we consider the case (case C in the terminology 
of [14]) when the potential between the electrodes has an extremum 
(a minimum for electrons) (w 1). The exact solution is compared with 
the approximate one given in [18]. w 2 shows how the results of the 
preceding section can be used to obtain an exact analytic solution of 
the problem of periodically focusing a ribbon beam [19, 20]. The re- 
sults of w 2 are compared with references [20, 21], in which an approx- 
imate solution of the problem is given. 

w Let us consider the case when the potential has 

an extremum. We shall assume that ~o i is the emitter 

potential at x = 0 and that the velocity there is equal to 

(-2~pl) I/2. Going over to the dimensionless variables 
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and r e p r e s e n t  gp in t he  f o r m  ~ = ~ + i ~ .  Then,  s e p a -  
r a t i n g  the  r e a l  and i m a g i n a r y  p a r t s ,  we a r r i v e  a t  an 
e x p r e s s i o n  of  the  f o r m  

x : x ((I), ~F; a), y : y ((I), ~ ;  a). 

Se t t ing  r = 4~ 0, we ob ta in  the  p a r a m e t r i c  equa t ion  of 
the  e l e c t r o d e  wi th  p o t e n t i a i  # = ~0: 

x = x (@0, ~ ;  a), y = y (0o, ~F; a). 
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F o r  the  f low d e s c r i b e d  by (1.1), the  e q u i p o t e n t i a l  
s u r f a c e s  in the  r e g i o n  ou t s i de  the b e a m  a r e  g i v e n  by 
the  e q u a t i o n s  

x - -  (i + 2s V l - - s  = x - - ~  = 

= 2 - ' , . [ ( v , / , ( ,  + o ) +  + wi2( ,  + 

- -  V ~/2 (, - -  @) V ~  - V ~t2 (, + @) + ~v,] ; (1 .2 )  

y = 2- '1 '[(V'/2 (r + ( I ) )+ 2 s  ~I--Viii(" + +)+~'l'+ 

+ V~I~ (,. - r  ~ + V ~12 (, + r  - a'~. ]; 
r = V ~  -~ +--~-~, R = ]/"r - -  y 2:r (r -F O) + a .  

F o r  $ - *  oo f o r m u l a s  (1.2) y i e l d  the  f o l l o w i n g  e x -  

p r e s s i o n s  f o r  x and y: 

X - -  : = 2~ 1/2(V ~ "~ 1/2 ~//-2-- V't'--- 1/2 V "~) kF" ; 

= '/2 (V ~-~/~ V~ + V~ + ~/~ V~) ~'~'. 
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Thus ,  the  s t r a i g h t  l i nes  y = ~(1  + ~f2) (x - a) ap -  
p r o a c h i n g  the  b e a m  b o u n d a r y  a t  an  ang l e  o f  6 7 . 5  ~ a r e  
a s y m p t o t e s  of  the  f a m i l y  of  e q u i p o t e n t i a l  c u r v e s  r = 

= c o n s t .  R e m e m b e r i n g  tha t  the  z e r o  v a l u e  f o r  the  p a -  
r a m e t e r  ~I, c o r r e s p o n d s  to the  b e a m  b o u n d a r y  a t  y = 0, 
we s e e  tha t  a l l  e l e c t r o d e s  wi th  po t en t i a l  �9 > ~ a p p r o a c h  
i t  a t  r i g h t  ang l e s ,  s i nce  fo r  s m a l l  

x : ~ + ~ T  2, y : v ~ .  
(~, ~, v ~ const) 

F o r  r = G and s m a l l  9 ,  E q s .  (1 .2 )  y i e l d *  

x - -  ~ = -T 3/2 ~v, V ~  ; 

y = 3/2 ~v, V v Z .  

C o n s e q u e n t l y ,  the e q u i p o t e n t i a l  s u r f a c e s  (~ = ~ f o r m  
an a n g l e  of  45 ~ wi th  the  b e a m  bounda ry .  F i g u r e  2 is  a 
d i a g r a m  of the  e l e c t r o d e  wi th  m i n i m u m  po ten t i a l  4~ = ~ .  
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S ince  the  p o t e n t i a l  cp (x) is  s y m m e t r i c  wi th  r e s p e c t  
to the  n o n s i n g u l a r  poin t  x = ff in the  i n t e r v a l  0 ~< x ~< 2a 

f o r  e l e c t r o d e s  wi th  p o t e n t i a l  r < ~ ,  we have  

d y / d x = O  f o r  ~ = z ,  @ < ~ .  

When a v i r t u a l  e m i t t e r  (a = 0) i s  c r e a t e d  b e t w e e n  
the  e l e c t r o d e s  and the  c u r r e n t  is  p a r t i a l l y  r e f l e c t e d  
[17], on both  s i d e s  of x = a, the  e l e c t r o d e s  c o i n c i d e  
wi th  t h o s e  d e t e r m i n e d  in [1]. The  po in t  x = ~ is  a s i n -  
g u l a r  po in t  (dncp/dx n Ix = 0 = 0% n = 2, 3 . . . .  ) and, u p o n  
a n a l y t i c  c o n t i n u a t i o n  of  the p o t e n t i a l ,  g e n e r a t e s  the  
l i ne  x = cr on which  r and B 6 / a x  e x p e r i e n c e  a d i s c o n t i -  

nu i ty .  
C u r v e s  �9 = c o n s t  ( so l id  c u r v e s )  a r e  r e p r e s e n t e d  in 

F i g s .  3 - -6  f o r  v a r i o u s  v a l u e s  of a .  The  e q u i p o t e n t i a l  
s u r f a c e s  a ~< �9 ~< 1 a t  0 ~< x ~< a a r e  ob t a ined  f r o m  the 

r e f l e c t i o n  of  the s u r f a c e s  a ~< 6 ~< 1 a t  x >/ a abou t  the  

y a x i s .  

* F o r  u 0 ~ 0, e 0 = 0 ( c a s e  2 o f  [1512, x and y b e h a v e  
in  e x a c t l y  t h e  s a m e  w a y  a t  s m a l l  q~; t h e r e f o r e  t h e  
c u r v e  r = 0 ( F i g .  6) a p p r o a c h e s  t h e  b e a m  b o u n d a r y  
a t  an  ang l e  of  45 ~ and no t  90 ~ . 
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T h u s ,  for  n o n z e r o  v e l o c i t y  and f i e l d  at  the  e m i t t e r  
u0, ~0 ~ 0 and e m i s s i o n  l i m i t e d  by t e m p e r a t u r e  u 0 = 0, 
~;0 * 0 [13, 15],  the  z e r o  e q u i p o t e n t i a l  a p p r o a c h e s  the 
b e a m  b o u n d a r y  at  r i g h t  a n g l e s ;  f o r  u 0 ~ 0, e 0 = 0 ( o r  
m i n i m u m  p o t e n t i a l )  at  an a n g l e  o f  45~ and f o r  u 0 = e 0 = 
= 0 at  an a n g l e  o f  6 7 . 5  ~ [1] .  T h e r e  i s  no c o n t i n u o u s  d e -  
p e n d e n c e  o f  the  s l o p e  o f  the  z e r o  e q u i p o t e n t i a l  on u0, ~0. 

It can  be  s h o w n ,  a s  in [5] f or  an a n g l e  of  67.5% that  
45 ~ and 90 ~ a n g l e s  a r e  c h a r a c t e r i s t i c  not  o n l y  of  a 
p l a n e  d i o d e  but  a l s o  o f  e m i s s i o n  f r o m  an a r b i t r a r y  
s u r f a c e .  T h e  d i s c r e t e  d e p e n d e n c e  o f  the  s l o p e  #0 of  
the z e r o  e q u i p o t e n t i a l  on %, ~0 i s  r e t a i n e d  e v e n  a t  
r e l a t i v i s t i c  v e l o c i t i e s  d e s p i t e  the  s t a t e m e n t  in [22] 
that  t h e r e  i s  a c o n t i n u o u s  v a r i a t i o n  of  d0 w i t h  c h a n g e  
in c o l l e c t o r  p o t e n t i a l .  

Reference [18] g ives  an approx imate  solut ion of the problem in 

question for the case of a po t en t i a l  m i n i m u m  in the midd l e  of the 

in te re lee t rode  space .  It is based on the approx imat ion  of the po ten -  

t i a l  at the b e a m  boundary by a parabola;  for a > 0 . 7 1  the error is no 
grea ter  than  0 .5%.  The cen t ra l  e lec t rode  proved to be a p lane  

approaching the beam boundary at  an angle  of 45 ~ . 
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Figure 7 gives curves ~ = ~ in x - ~, y coordinates  for different  

c~. It is c l ea r  tha t  the d i f ference  be tween  the exac t  solut ion and the 

approx ima te  one Ya = x - o qu ick ly  becomes  no t i ceab le .  To c o m -  

pare  these solutions for a = 0.8,  we present  values  of  = 1 - Ya/Y, 

where Ya is the approximate ,  and y the exac t  va lue  of the e lec t rode  

ordinate ,  computed  for severa l  values  of x - o : 

z - -  ; _ 0.1~2 0.283 ~).31t~ ~),4~{i 0.555 1.1)7 1.65 2.11 
6, % - 0.175 0.377 0.585 t.e:i t .57 5Ji7 12.'i t7 .3 .  

The cen t ra l  e lec t rode  r = 0 .8  is de t e rmined  with the same accu -  

racy as the p o t e n t i a l  at  the beam boundary for x - o < 0 .3 ,  

As is known, the Cauchy  prob lem for the Laplace  equa t ion  is 

incorrect :  a s m a l l  per turba t ion  in the in i t i a l  condi t ions at  the bound-  

ary causes a change  in the solut ion that  increases wi thout  bound with 

dis tance  from the boundary [5, 23, 24]. This ins tab i l i ty  makes  it 

d i f f icul t  to perform n u m e r i c a l  in tegra t ion  and seek a solut ion by 

expanding  the in i t i a l  condi t ions  in series or assigning them approxi -  
m a t e l y  [2~-27] .  Reference [25] deals  with the case when the po ten t i a l  

at the boundary e = (1 + xa) - I  is approx imated  with an error not g rea t -  

er than 1 .5% by a t en th -deg ree  p o l y n o m i a l .  A compar ison of the 

app rox ima te  and exac t  solut ions of the Cauchy  problem reveals  a 

very large  d i f ference  be tween  the two fami l i es  of  equ ipo ten t ia l s ;  the 

exac t  solution has a s ingular  point  (0, 1) which,  na tura l ly ,  is not 

preserved in the ind ica ted  approx imat ion .  The branch point  that  

appears in the app rox ima te  solution is absent  in the exac t  solut ion.  

It is shown in [2(~] that  the equ ipo ten t i a l  surfaces de te rmined  using 

three and six terms of the expansion differ great ly .  In [28] a numer i -  
cal  method for solving the Pierce problem is proposed, in which the 

Laplace equa t ion  is wri t ten  in f ini te  differences.  In [27] the c a l c u l a -  

tions of [28] are repeated with a h igher  degree of accuracy  and the 

solution is found to osc i l l a t e  strongly: as the step approaches zero, 
the n u m e r i c a l  solution approaches the exac t  one.  tn [29] the rate of 
error increase is e s t ima ted  and ca l cu la t ion  methods which must be 
s table  are proposed. In [30] yet  another  reason, account ing,  at leas t  

in part, for the results of [27], is suggested: h igher  der ivat ives  are 

used in the solution in [28] whereas the value  of the po ten t i a l  and 
its normal  de r iva t ive  at  the boundary uniquely  de te rmines  the solu-  

t ion in the ent i re  region.  The f in i te -d i f fe rence  method of  in tegrat ion 
may  be appl ied successfully i f  the Laplace  equat ion is reduced to 

hyperbol ic  type upon t ransi t ion to the complex  domain .  

Fig. 8 

The foregoing gives  yet  another  examp le  of  the ins tab i l i ty  of the 

solution for a problem p rac t i ca l  interest .  

In a number  of  studies [26, az-ae] the po ten t i a l  is expanded near  

the beam boundary in power series. In view of the nonl inear i ty  of the 

beam equations i t  is not possible to prove that  these series converge 

absolute ly .  Therefore,  fo construct  a solution in this region with a 

g iven  accuracy  is l ikewise  not possible [5], In obta in ing  solutions by 

this method,  one should r emember  that  they are close to the exac t  

solution only  in the i m m e d i a t e  neighborhood of the beam boundary.  

w The  r e s u l t s  of the  p r e c e d i n g  s e c t i o n  can  be 
u s e d  fo r  the  e x a c t  a n a l y t i c  s o l u t i o n  of the  p r o b l e m  of 
p e r i o d i c  f o c u s i n g  of a r i b b o n  b e a m  [19--21].  The  p c -  
t e n t i a l  d i s t r i b u t i o n  w i th in  the  i n t e r v a l  2kr  _< x <_ 2 x 

x (k + 1) ~ (k = 0, 1 . . . .  ) i s  g i v e n  by E q s .  (1 .1) ,  w h e r e  
q0 (0) = rp (2~) = I and ~o (cr) = c~ (F ig .  1). The  d i s c o n t i -  

nu i ty  in d(p/dx a t  the  ends  of e a c h  i n t e r v a l  r e q u i r e s  the 

p r e s e n c e  in the  b e a m  of g r i d s  a t  a p o t e n t i a l  equa l  to 1. 
A p a r t i c u l a r  e a s e  of the p r o b l e m  of w is the  d e t e r m i -  
na t ion  of  the  e l e e t r o d e s  fo r  one of the  e l e m e n t s  of a 
p e r i o d i c  f o c u s i n g  s y s t e m  2kcr .< x 4 2(k + 1) c~. It  r e -  
m a i n s  to i n v e s t i g a t e  the  c o u p l i n g  of two such  e l e m e n t s ,  
s i n c e  the  s o l u t i o n  in w is  not  p e r i o d i c .  

i ' I ' i I b I ~ I 
J I 
I I t I 

Jl I I 

o 2 6  ~t ~ 6 6  ,~c; 

Fig .  9 

A s imi l a r  s i tuat ion exists in the problem of focusing an arbi t rary 

number  of pa ra l l e l  ribbon beams.  References [5, 39] show that  a 

solution q, = ~ (x, y), continuous together  with its first der ivat ives ,  

may  not exis t  in the region be tween two beams.  In [5] this problem 

is presented as an e x a m p l e  of r~onsatisfactiou of the tmiqtlencss t hee -  

rum for the case when the ( ] a [ l c h y  cond[tiorls arc g iven  at  a UOilana- 

ly t ic  boundary. In [31)] the proof is based on the fact that  the ana ly t i c  

cont iuuat io l l  of the po ten t i a l  g iven  at  tile boundary of one bean] does 
not necessar i ly  co inc ide  with the cont inua t ion  of the po ten t i a l  from 
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the boundary of the second beam; this leads to a physically inadmis- 
sible multivalued solution. The impossibility of a continuous solution 
also results from the following considerations. The potential r (x, y) 
will be continuous together with its derivatives if there exists a con- 
formal mapping of the plane with one discarded p01e onto the plane 
with a system of such cuts. The potential distribution along the beam 
boundaries must be invariant with respect to this mapping, since 
both planes are physical planes. In determining the focusing electrodes 
for plane curved trajectories [2, 4], this requirement was superfluous, 
since the u, v plane obtained upon mapping the beam boundaries 
onto the real axis v = 0 was an auxi!iary plane and did not have phy- 
sical significance. It is clear that a mapping satisfying the two for- 
mulated requirements does not exist. To maintain two parallel beams 
it is necessary to impart to the plane a charge of surface density paral- 
lel to and equidistant from their boundaries. 

i Oq~ 
q = - -  2n cOy y=h (lim q(x) = 0 )  x--~a 

(2tl is the distance between beams). 
The problem of coupling the elements of a periodic focusing sys- 

tem is solved in exactly the same way. Reference [20] gives an approx- 
imate solution of the problem of periodic focusing. This solution is 
based on the approximation of the potential at the beam boundary by 
an expression, which in terms of the dimensionless variables used in 
w 1, takes the form 

(p = t - -  (l - -  ~) cos (:~ / 2~y. (2.1) 

The corresponding approximate solution for the Laplace equation is 

@(x, y) = i - - ( i - - a )  cos(z~x/2z)eh'(gy/2~).  (2. 2) 

The error involved in using expression (2. 1) instead of the exact 
solution (1.1) for a = 0.25 does not exceed 3%. Representing the 
potential by (2.1) ensures that the solution is periodic. The curves 

(x, y) = const, determined by (2.2) are represented by dashes in 
Figs. 3 and 6 for c~ = 0.2 and a = 0.8. It is clear that the electrodes 
with potential ff = 1 are the planes x = 2o. 

In  a c c o r d a n c e  w i t h  w h a t  h a s  b e e n  s a i d  a b o v e ,  in  t h e  

e x a c t  s o l u t i o n  t he  p l a n e  x - 2~ m u s t  b e  a c h a r g e d  a n d  

n o t  a n  e q u i p o t e n t i a l  s u r f a c e  i n  o r d e r  to  h a v e  a n  e x a c t  

s o l u t i o n .  The  l aw  of v a r i a t i o n  of t he  p o t e n t i a l  on  t h i s  

p l a n e  i s  t h e n  g i v e n  by  t h e  e x p r e s s i o n s  

-- 2 -''~ [ (V% (r + r  + 2a'/:) V R + Vil~ (r-q- (D) - -  a'/~ - -  

- V~I~ (," - r  V-R - Y '1~ (r + r + ~'/;] 
y = 2 -v~ [(lflx/2 (r -k tiP) q- 2s Y R - -  V ~12 (r q- (D) q- cr + 

+ 7/~/~ (,.-- r V-R + Vi/~ (,. + r  ~'/~]. (9.3) 

C u r v e s  �9 (y) g i v e n  by  (2.3) a r e  s h o w n  in  F i g .  8 f o r  

d i f f e r e n t  v a l u e s  of  a .  T h e  s u r f a c e  c h a r g e  d e n s i t y  in  

t h e  p l a n e  x = 2or i s  

i 0q) x=,.a (lim q(y) = 0), 
q -  2~ Ox v-~oo 

w h e r e  4, i s  g i v e n  b y  e x p r e s s i o n s  (1 .2) .  

The results represented in Figs. 3 and 6 make it possible to com- 
pare the exact and approximate solutions. It is clear that the dif- 
ference between them increases as x approaches unity. Here, the 
periodicity of the approximate solution artifieally introduced in [20] 
is operative. Figure 9 represents one possible method of periodic 
focusing. The surface r = const < a are used as low-voltage elec- 
trodes. The planes x = 2ko with variable potential, which shield one 
electrode from another, may take the form of a dense grid, the 
potential on which varies in accordance with expression (2.3). 

The approximate solution of [18] can also be used to construct a 
periodic focusing system, as in [21]. In this ease the high-voltage 

electrode takes the form of a biconvex lens, which is not to be re- 
commended owing to its thickness. Clearly, such electrodes will 
introduce considerable perturbation not only at a distance from the 
beam but also at its boundary. Evidently, the exact solution for pe- 
riodic focusing of a cylindrical beam, which can be constructed on 
the basis of the results of [5, 7], will also differ considerably from the 
approximate solution of [20]. Here, as above, the planes x = 2ko will 
not be equipotential surfaces. 
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